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ACOUSTIC WAVESCATTERING FRO!I A CIRCULAR CRACK: COFfPARISONOF DIFFERENT

COtfPUTATIONALMETHODS

William !9. Visscher

Theoretical Division, HS B262
Los Alamoc National Laboratory
Los Alamos, NM 87545

INTRODUCTION

This work was motivated by a disagreement between the results ob-
tained from two computations of scattering of an axially incident elastic
p-wave on a circular crack. One calculation, using the ❑ethod of ?Ial [1],
involving the direct solution of the Helmholtz integral ●quation for thim
case, shows the tota12cross-section oscillating with a considerable ampli-
tude about u = 2na as a function of

%
a with period H, where

2nf
$

?isthe%yleigh surface wavenumber. Another calculation, [2 ;sing
!900 , in which the elastic displacement near the crack is ●xpanded in
regular spherical ●igenfunctions of the ●lastic wave equation, agrees ~ith
the first calculation reasonably well Up to $a = 10 or so, but thereafter
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Fig. 1. Elastic wave
scattering from a circu-
lar crack, The solid
lines are the p-p back-
scattering amplitudes
from n crack oriented
broadside (top) to edge-
on (bottom) in 5° inter-
vals, computed using
HOOT with spherical
●igenfunctione of the
elastic wave ●quation
● a basis functions, The
dt~hed line is obtained
from !’lal’e solution for
the ●xieynmetric (broad-
Bide) case, The oscil-
lations in the Hal
solution (thought tl he
quite ●ccurate) continue
to lsrge ka while the
o~cillations in the HOOT
resulto damp rapidly.
From Opsal ●nd Visscher
[2].



the oscillations in Utot rapidly disappear. Figure 1 contrasts the
different results.

tie thought that perhaps the reason for this discrepancy was that the
basis for the HOOT ●xpansion (j (kr) ●nd its derivatives) was inappro-
priate; in fact, we mistakenly ?t.ated that it is not complete on O < kr < ka
(it is complete; see 9.1.86 in ref. [3]), and that the difference might be
●mel=rated by a different choice of basis.

A simple system on which to test this speculation is the scalar wave
incident on a circular crack. The wave function Q satisfies

(@+k2)@=0 , (1)

asymptotic scattering conditions, and certain boundary conditions (BC’S)
on the crack surface C. The crack is shown 00 Fig. 2; it is a mathematical
crack (zero thickness) in the xy plane with radius a.

The simplest BCS to impose on
8

would be Dirichlet ($ = O on C) or
Neumam ($, = O or C, where $, = @“h). The scattering can be obtained
for these c~ses by a variety ofnmethods. The T-matrix of Waterman has been
obtained for both Dirichlet ●nd Nuemann BCS [4]. The Helmholtz integral
●quation has been solved for Dirichlet BCS and axial incidence [5], and
HOOT has been applied to this case, with two different choices for the basis
set [5].

Unfortunately, though, all these methods give reslllts (for the
Dirichlet case; not all have been worked out for Neumnn BCS) which agree
with one another; in particular, for large ka no oscillations appear in the
scattered amplitude. This is a reflection of the fact that for large ka

In contrast, the elastic wave case illustrated in Fig. 1 has oscil-
lations in the scattered amplitude caused by resonance modes (drumhead
vibrations) which are standing surface waves on the crack surface (this
is w5y the oscillations in Fig. 1 have roughly period n in ~a).

The reason for this difference is that the Helmholtz ●quation (1)
admits no surface wave solutions with ●ither Dirichlet or Newnann BCS, and
without surface waves one can’t get standing waves on C and one won’t get
resonance oscillations in the scattered amplitude. Our model is just too
simple to ●xhibit the ●ffect we wish to study.

A solution to this problem is to change the BCS to mixed boundcry
conditions (MBCS)

O+ Y@,n=o onC, (2)

which admits, with (1), a solution

I$(X,Y,Z) ❑ ●
ii!”;-yz

(3)

2
with K ❑ kz + Y2. Equation (3) describes a surface wave if the zurface
i8 z = O, y > 0, and the incompressible fluid occupies the upper half-
spacr. If we solve th~ crack problem with the BCS (2), onr ●xpects to Err
rufionances corresponding to standing surface waves on the crack surface.



The HBCS however, complicate the ❑echanics of eolving the scattering
problem considerably, The T-matrix method can no longer be applied, because
a feature of the method which is essential to its application to cracks,
the symet~ of the Q-matrix, no longer holds (or at least has not been
demonstrated) .

The Helmhol!z integral ●quation method, too, becomes much more
difficult. The Helmholtz integral equation is

$(r) = @o(r) - ~ {G(r, r’)@, n,(r’) - G(r, r’),n,$(r’))dS’ , (4)
c

for r outside the cr
incidence, @ (r) = ●

~~~ C, with G(r, r’) = ●iM/4nR, R= !~-~’l. For ●xial
and in order to solve (4) for ~(r), r on S, one

considers $~?r) , and $-{r), which are $( P,+O) and $(PPO) respectively.
It can be s own that

G(r,r’),z = - EN&l a(p-p~)

for z, z’ small, so

~(p) = ] + y-l

that (4), with (2), yields

~ G(P, p’)?(p’)dS’ , (5)
c+

with ~ = ~($++$-) and C+= top surface of crack. Equdtion (5) can be

solved for ~(l), which, wheu inserted in (4), will give the even (in z)
part of $(r).

.
In order to obtain an ●quation for ~ = 4(~ 0+-$-),

into (4) will give the odd part of $(r), one needs to
with respect to z before letting z + tO. This yields

-y-]$(p) = ik - J G,zz(p,p’)$(p’)dS’ ,
c+

with

G
.&

‘Zz
dz2 ~=z,=o

which, when plugged
differentiate (4)

(6)

(7)

Equation (6) is a much nastier one than (5), because (1) haa a l&~’ 1-”3
singularity. Although it turns out that this is no problem in principle
(the singularity is integrable, and one can replace the surface integral
with a “principal value” integral by omitting ● small circle ●round
P’ = p), it is a serious one in practice because it drastically worsens
the convergence of the Fourier integrals with which it is natural to
represent (7).

This leaves us only HOOT with which to compute acoustic aattering
from a crack with HBCS,

t!oot

W will now briefly sketch the method of optimal truncation (HOOT),
as applied to circular flat cracks. It will be clear that it is applicable
to calculation of a scattering from any isolated flaw,



~e~dei is to ●xpand @ in truncated sets of ●igenfunctions of the
Helmholtz operator (1) independently in ●ach of the regions I, II, and 111
shown on Fig. 2. Then integrate the square of the residual (the amount by
which the BCS or ❑atching conditions fail) on the surfeces St and C1. Thus

+ J5+ {l O.+ 9111 - $112+P/k* l$Io,n+41111,n- @1,n!2)ds

N H

1
max

and @lII(r) = Z Cgh:’) (r)Y~(cosO), $O(r) = eikz .
1=0

Fig. 2. The circular crack on the xy
plane. S+ are the upper and lower
hemispheres surrounding C+, the top
and bottom surfaces of thZ circular
crack.

111

~ is a dimensionless constant we take to be ❑in(l,(ka)-2). varying it by
an order of ❑agnitude ●ither way has little ●ffect on results. Clearly
I > (), with ●qualf.ty attained if ●nd only if @

I’ %1’ %11
couprit3e an

●xact solution of the scattering problem with @

3

incident. The functions

on(r) are any convenient set of solutions of ( +k2)@n = O; they need not

be mutually orthogonal. The truncation limits N, M, 2 arr mostly
dictat~d by the value of ka wc considrr. Although the?~xis in principle
no reason they can’t be different, we will take N ❑ M = flmax +1.

Now 1 is a bilinear form in an = {an, bn, Cn), vhich we wish to
❑inimize. Thus

is a Bet of 3N linear inhomogeneous cquationfi for the 3N unknowns ●, b, c,
with coefficients which ere integrals of paiwiue products of $0, @n! and



Y~(cose) on C ●nd S . The ❑atrix of the coefficients can be readily
inverted (at least ii N is not too large), and the solution for u
obtained.

n

So HOOT is unique.y specified ●xcept for choosing @ , the set of N
independent solutions of (1) with which $ in the upper a~d lower hemisphere
is represented. We will choose two sets , and compare the results. The
first choice will be

@n= jn(kr) y~(cosO) , (9)

in analogy with the set used in [2] to compute elastic wave scattering
from the circular crack. The second choice will be

= JO(prP)
‘in %’

Xn (lo)

Cosqnz ‘

where ~na are the roots of J (x) and of J’(x), and pz + ~ = k2.
the ~ s are imaginary.

Host of
Bot~ (9) and (107 comprise ~omplete sets as N + m;

the question we wish to address here is “which set will closely approximate
the correct. answer with the least labor?”

Numerical Considerations

In the case of Dirichlet BCS the solution for k + O is for r on C

@,n(P) ❑ -2/~a2-p2 , (11)

~nd this inverse square root singularity at the crack edge is presumably
preserved for all k. For the ❑ixed BCS (2) the behavior of $,n and conse-
quently also of $ is undoubtedly also singular at p = a, but we don’t
know the nature of the singularity. If @,n for KBC (and consequently also
0) behaves like (11), then the integrals on C in I will contain loga-
rithmic divergent terms, presumably ca,lcelling one another. Since we
don’t know the nature of the singularity, however, we will proceed as if
there were none, and let the results tell us what it is.

Host of the integrals which are the coefficients of the bilinear form
(8) must be perfommd numerically, which we do by Gauss-Legendre quadrature
with 50 points (on ttle interval O < p < a for the C-integrals; on the
interval 0 ~ COSO < 1 for the S-integrals).

We will show results of calculations for a variety of choices of
P , up to 2L, and far values of ka up to 14. For these values of fmax
5~afn the Ghuss-Legendre quadrature is ❑ ore than adequate; whether
Q = 24 is sufficient for ka ❑ 14 can be judged from the results.

max

RESULTS

In Fig. 3 is shown the value of Re$ on the top surface of the crack
as a iunction of p and 1 computed with HOOT using a sphericnl basis.
The phase of @ has been ~~~usted here ao that it is real irI ●ach case at
P=o. This is for ka = 10; $ does not approach its true value until
~ > 15. Even for ka
n!!l!!!s-ft

= O $ has 3 nodes in ~ < p < 1, and one always
> 15 or so for accurat~ results.

max -

Figur~ 4 shows 1/1., and 4n Im f(0)/kO
~o~

(the optical theorem ratio)
for this system, 1/1 * O for ●n ●xact ao u Ionm It doesn’t vanish, but
seems to be decreasing ●s Imax increases as if the HOOT solution is trying,



witEl Smllccess , to ●ccommodate ● Singularity (Fig. 3 Bhows a discon-
tinuity) in @ ●t f) = 1. The optical theorem ratio should be unity; it is
●bout 0.98 and increasing at the largest flmax.

Fig. 3. Pressure Re$ on the
top surface of ● circular crack
of unit radius caused by an A
●xially incident wave with
ka = 10. As J! increases,
seems to conve~~i! nicely,
●xcept at p = O. But the
importance of +(O) is diminis
by the fact that $(p) is alwa
weighted with pdp. $(Q) begi
to resemble its true value at
1 This figure was
#~u~e~5using spherical basi
functions.

Fig. 4. Integrated
residual 1/1 (left

Yordinate sca e) and
optical ratio (right
ordinate scale) for the
system described in \
Fig. 3. lm is I with -i 1
Oniy I$o # H.

The next two
cylindrical basis

-- ;2 * 1
14 lb 10 a u *

Lmom

figures illustrate the same quantities for the
set. The results are similar.

Fig. 5. Same as Fig. 3, but
using cylindrical basis
functions. This @ agrees
with that of Fig. 3 for
large f . The relatively
more su!~en chang~ from
noise to nearly the correct
@atJZ - 15 is caused by
the fa~~xthat at that point
the number of nodes and
●ntinodes in J (p p) in

nhber-in the !!or~ect’$(p)
O < p < 1 coin Ides with the



Fig. 6. Same ● s Fig. 4,
but for cylindrical baEi
functions.

.

I lm.

The final series of figures shows how some of the same ~~antities
vary as ka goes from 0.5 to 14 for the circular crack with spherical basis
functions (E = 24) and with cylindrical basis functions (J? = 23).
The residualm!~tegral plots indicate the trustworthiness of t~#xcalcula-
tion. Figures (7) and (9) are in close agreement (notice the different
vertical scales).

# Fig. 7. Real part of @ calcu-
lated by MOOTwith spherical
●igenfunctions and g = 24 as
a function of p and ~~~ Standing
waves exist on this crack even
for ka = O; the number of nodes
increases more or less lindarly
with ka.

●

Fig. 8. Residual inte-
gral and total cross- . .
section for the sy6tem
described in Fig. 7.
The cross-section ap- ● .
preaches a constant for
ka + O; for large ka it
see s to oscillate about
2na %!, the short-wave-
length limit.

5 .~,
●

o J 4 0 a 10 IJ 14



CONCLUSIONS

Our results indicate that our original speculation, that the discre-
pancy of Fig. 1 was caused by inadequacy of the spherical basis set, was
wrong. In ●pplication to the present test problem, in fact, the spherical
basis set works better than the cylindrical one does. Both are quite cap-
●ble, with the same truncation limit f = 24, of accurately describing
the pressure (analog of the crack-~pen%~-displacernent in the elastic wave
scattering case) at least up to ka = 14, when the pressure has 5 nodes in
O<p<a.

F
●

f
v
a
c
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9.

The original question then returns: if it is not due to a bad basis
set, what does cause the difference between the two results on Fig. 1?
Discounting the possibility that Mal’s method yielded wrong results here,
one is forced to the conclusion that 1 was not large enough in the
HOOT calculation reported in [2]. A r%~~h ●stimate, obtained from the
results of the present scalar HBC problem, of the ❑inimum Emax required
for a given ka }> 1, is

(17)

The largest value of ha shown in Fig. 1 is ha =21.4 (ka = 10); the
criterion (17) indicates that in order to insure accuracypto this value of
ka one should take 1 - 30. The Q used in the HOOT calculation of
[2] was only 20. Itm~~y-be repeatedm~~th larger flmax to see if this
conjecture is correct.
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